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Abstract 
 A visco-hyperelastic constitutive equation in integral form is proposed to describe the large deformation response of 
incompressible elastomeric materials at high strain rates. It comprises two components: the first corresponds to 
hyperelasticity based on a strain energy density function expressed in polynomial form to characterize quasi-static 
nonlinear response, while the second is an integral form of first and incorporates a relaxation-time function to capture 
rate sensitivity and strain history dependence. Instead of a constant relaxation-time, a deformation-dependent function 
is proposed for the relaxation-time. The model is applied to describe the response of SHA60 rubber and Nylon-6. 
Material samples are subjected to quasi-static and dynamic loading using a universal testing machine and a Split 
Hopkinson Bar device respectively. Comparison of the proposed equation with experimental results shows a good 
degree of agreement and demonstrates its potential to describe the dynamic behavior of viscoelastic materials over a 
range of strain rates. 
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1. Introduction 
 Elastomers are widely employed in the dissipation of kinetic energy associated with impacts and shocks. 
Their damping characteristics and ability to accommodate large deformation make them suitable for such 
applications. The effective use of elastomers necessitates analysis of their behaviour over a wide range of 
strain and strain rates; this facilitates computer simulation in the design of products incorporating 
elastomeric padding and components. The stress-strain responses of elastomers exhibit nonlinear 
elasticity which is also rate-dependent. This rate-dependence corresponds to the readjustments of 
molecular chains [1, 2]. Residual strain after unloading from the imposition of large deformation is 
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negligible. Consequently, nonlinear viscoelastic constitutive models are commonly proposed to describe 
the behaviour of rubber-like materials, and several studies on the extension of these theories have recently 
been reported by some researchers [3-6]. This study is directed at developing a constitutive equation to 
define the dynamic compressive and tensile response of elastomers. 
2. Visco-hyperelastic Constitutive Model 
A polymer consists of many flexible molecular chains of different lengths. These chains can twist, 
spiral and entangle with themselves or with their neighbours. In this study, the behavior of an elastomer is 
considered to be amenable to idealization by two elements, A and B, acting in parallel, as depicted 
schematically in Fig. 1. Element A defines the rate-independent quasi-static response of the material and 
is modeled by a nonlinear spring that corresponds to incompressible hyperelasticity. Element B is 
associated with the rate-dependent response of the material, whereby molecular chains rearrange to a 
more relaxed configuration after sudden changes in deformation; relaxation is characterized by a 
relaxation time ܶ. Element B is idealized by a nonlinear spring connected to a nonlinear dashpot. The 
total stress is therefore  ࣌௧௢௧௔௟ ൌ ࣌஺ሺ௥௔௧௘ି௜௡ௗ௘௣௘௡ௗ௘௡௧ሻ ൅ ࣌஻ሺ௥௔௧௘ିௗ௘௣௘௡ௗ௘௡௧ሻ. 
 
 
 
 
 
 
Fig. 1. Parallel elements A and B. 
2.1. Incompressible hyperelastic model for element A 
Consider a generic particle in a body is identified by its position vector X in a reference configuration, 
and by x in a deformed configuration. The deformation gradient and left Cauchy-Green deformation 
tensor are respectively ࡲ ൌ ߲ݔ ߲ܺΤ  and ࡮ ൌ  ሺࡲǤ ࡲ்ሻǤ The three invariants of B are: ܫଵ ൌ ݐݎሺ࡮ሻ, ܫଶ ൌ
ሾܫଵ
ଶȂ ݐݎሺ࡮ଶሻሿ and ܫଷ ൌ ݀݁ݐሺ࡮ሻ; incompressibility yields ܫଷ ൌ ͳ. Following the analysis of Rivlin [7] and 
Yang et al. [5] for isotropic incompressible hyperelastic materials, the Cauchy stress for element A can be 
expressed in terms of the invariants of the left Cauchy-Green deformation tensor. 
 
࣌࡭ ൌ ࣌ࢋ ൌ െ ௘ܲࡵ ൅ߙଵ࡮ ൅ ߙଶ࡮Ǥ࡮ (1)               
where ࢋܲ is the undetermined pressure related to incompressibility, ߙଵ ൌ ʹሺ߲ܹ ߲ܫଵΤ ൅ ܫଵ ߲ܹ ߲ܫଶΤ ሻ and 
ߙଶ ൌ െʹሺ߲ܹ ߲ܫଶΤ ሻǤ ܹ ൌ ܹሺܫଵǡ ܫଶሻ is a strain energy potential defined using a polynomial function of 
ሺܫଵ െ ͵ሻ and ሺܫଶ െ ͵ሻ. For uniaxial loading along the 1-axis, the stretch ߣ ൌ ͳ ൅ ߝଵଵ, where ߝଵଵ is the 
engineering strain in the loading direction; the principal stretches are thus ߣଵ ൌ ߣǡ ߣଶ ൌ ߣଷ ൌ ߣିଵȀଶ. ࡲ and 
࡮ are defined by the following: 
 
ࡲ ൌ ൥
ߣ Ͳ Ͳ
Ͳ ߣିଵȀଶ Ͳ
Ͳ Ͳ ߣିଵȀଶ
൩ ǡ࡮ ൌ ࡲǤ ࡲ் ൌ ൥
ߣଶ Ͳ Ͳ
Ͳ ߣିଵ Ͳ
Ͳ Ͳ ߣିଵ
൩   (2) 
The stresses for uniaxial loading are: 
 
ߪଵଵ௘ ൌ െ ௘ܲ ൅ ߙଵܤଵଵ ൅ߙଶܤଵଵǤ ܤଵଵߪଶଶ௘ ൌ ߪଷଷ௘ ൌ െ ௘ܲ ൅ ߙଵܤଶଶ ൅ߙଶܤଶଶǤ ܤଶଶ ൌ Ͳ (3)
A: rate-independent 
B: rate-dependent 
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The hydrostatic pressure ௘ܲ is determined from the condition that for uniaxial loading, ߪଶଶ௘ ൌ ߪଷଷ௘ ൌ Ͳ, 
together with fact that ܤଶଶ ൌ ܤଵଵିଵȀଶ. Consequently, the Cauchy stress-deformation relationship in the 
direction of loading is: 
 
ߪଵଵ௘ ൌ ߙଵሺܤଵଵെܤଵଵ
ିଵȀଶሻ ൅ߙଶሺܤଵଵǤ ܤଵଵ െܤଵଵ
ିଵȀଶǤ ܤଵଵ
ିଵȀଶሻ  (4) 
The responses for uniaxial compression and tension are rate-independent and the following polynomial 
strain energy density function in polynomial form is employed to fit quasi-static experimental data using a 
least squares approach (Figs. 2 and 3 and Table 1).      
         
ܹ ൌ ܣଵሺܫଵ െ ͵ሻ ൅ ܣଶሺܫଶ െ ͵ሻ ൅ ܣଷሺܫଵ െ ͵ሻǤ ሺܫଶ െ ͵ሻ ൅ ܣସሺܫଵെ͵ሻଶ ൅ ܣହሺܫଶെ͵ሻଶ   (5) 
2.2. Viscoelastic model for element B 
It is assumed that the stiffnesses of the springs in elements A and B are ܭ஺ሺߝሻ and ܭ஻ሺߝሻ respectively; 
they both vary with strain and ܭ஻ሺߝሻ = ߚ ܭ஺ሺߝሻ, where ߚ is a constant. The response of element B to an 
instantaneously applied load is thus, 
 
࣌஻
ሺூ௡௦ሻ ൌ ߚǤ ࣌஺  (6) 
Viscoelastic materials are generally rate-dependent and their responses are governed by the 
deformation history with a “fading-memory” effect [8]. Consider the application of a strain ߝ௡ to element 
B via sequential steps; ߝ଴ ൌ Ͳ ൏ ߝଵ ൏ ڮ ൏ߝ௡ିଵ ൏ ߝ௡, corresponding to the instants of time, ݐ଴ ൌ Ͳ ൏ ݐଵ ൏
ڮ ൏ ݐ௡ିଵ ൏ ݐ௡. During deformation, all stress increments associated with earlier time steps undergo 
relaxation. Hence, the stress corresponding to the strain ߝ௡ in element B is: 
 
࣌஻
௥௔௧௘ିௗ௘௣௘௡ௗ௘௡௧ሺߝ௡ሻ ൌ ࣌஻
ሺூ௡௦ሻሺߝ௡ሻെ࣌஻
ሺூ௡௦ሻሺߝ௡ିଵሻ ൅ ݉ሺݐ௡ െ ݐ௡ିଵሻǤ ሺ࣌஻
ሺூ௡௦ሻሺߝ௡ିଵሻെ࣌஻
ሺூ௡௦ሻሺߝ௡ିଶሻሻ ൅ ڮ 
ൌ σ ݉ሺݐ௡ െ ݐ௡ି௜ሻǤ ሺ࣌஻
ሺூ௡௦ሻሺߝ௡ି௜ሻെ࣌஻
ሺூ௡௦ሻሺߝ௡ି௜ିଵሻ௡ିଵ௜ୀ଴ ሻ ൌ ߚǤ ሺσ ݉ሺݐ௡ െ ݐ௡ି௜ሻǤ ሺ࣌஺ሺߝ௡ି௜ሻെ࣌஺ሺߝ௡ି௜ିଵሻ௡௜ୀ଴ ሻሻ (7) 
 
where ݉ሺݐ௡ െ ݐ௡ି௜ሻ ൌ  ሺെሺݐ௡ െ ݐ௡ି௜ሻ ܶሻ ൏ ͳΤ , defines the relaxation function and ܶሺ൐ Ͳሻ is the 
relaxation time. Consequently, the total stress is given by,  
 
࣌௧௢௧௔௟ሺߝ௡ሻ ൌ ࣌஺ሺ௥௔௧௘ି௜௡ௗ௘௣௘௡ௗ௘௡௧ሻሺߝ௡ሻ ൅ ࣌஻ሺ௥௔௧௘ିௗ௘௣௘௡ௗ௘௡௧ሻሺߝ௡ሻ                                       
ൌ ࣌஺ሺߝ௡ሻ ൅ ߚǤ σ ݉ሺݐ௡ െ ݐ௡ି௜ሻǤ ሺ࣌஺ሺߝ௡ି௜ሻെ࣌஺ሺߝ௡ି௜ିଵሻ௡ିଵ௜ୀ଴ ሻ  (8) 
Stress relaxation in polymers is linked to various forms of molecular chain readjustments associated 
with different relaxation times. Within localized regions in the material, relaxation involves relatively 
rapid readjustments of short chains, while rearrangements of convolutions associated with long chains 
require larger relaxation times. Since an elastomer comprises a wide range of chain lengths subjected to 
various strains, a continuous range of relaxation times is expected [2]. Consequently, it is envisaged that 
smaller applied strains involve shorter molecular chains and result in shorter relaxation times, while larger 
strains involve a wider range of chain lengths, and thus a longer relaxation time. Therefore, in this study, 
the relaxation time ܶ is assumed to increase with strain; i.e. ܶ ൌ ߮ሺ׬݀ߝҧሻ, where ߝഥis the equivalent strain 
defined by Eq. 9, and ࡱ is the Green-Lagrange strain tensor. 
 
ߝҧ ൌ ඥܧ௜௝Ǥ ܧ௜௝              ࡱ ൌ
ଵ
ଶ
ሺࡲ்ࡲ െ ࡵሻ                             (9)  
The constitutive relationship for a homogeneous, isotropic and incompressible viscoelastic material 
can be expressed in the following form [4, 8]:  
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࣌஼௔௨௖௛௬ି௩௜௦௖௢௘௟௔௦௧௜௖
௩ ൌ ࣌஻ ൌ െ ௩ܲࡵ ൅ ષ  (10) 
where ࣌௩ is the Cauchy stress tensor,  ௩ܲ an undetermined pressure arising from incompressibility of the 
material, and ષ is a frame-independent matrix function. Eq. 10 is used to describe element B and the 
fading-memory effect of recent deformation on the current stress state. Eq. 7 defines the relationship 
between the stresses ࣌࡭ and࣌࡮; a combination of this with Eq. 1 for element A, is employed to define Eq. 
10. Eq. 1 comprises two parts: െ ௘ܲࡵ represents an undetermined pressure corresponding to 
incompressibility of the material, and ߙଵ࡮ ൅ ߙଶ࡮Ǥ࡮ defines the stress associated with the deformation 
gradient tensor ࡲ. Eq. 10 also comprises two parts and is derived from Eq. 1. Therefore, it is assumed that 
the undetermined pressure െ ௩ܲࡵ in Eq. 10 defines only the fading-memory effect of the pressure െ ௘ܲࡵ, 
and ષ in Eq. 10 describes the fading-memory effect of recent stress states corresponding to ߙଵ࡮ ൅ ߙଶ࡮Ǥ࡮ 
in Eq. 1. ષ is defined by the following, which is based on the rate-dependent relationship in Eq. 7. 
 
ષ ൌ ߚǤ ׬ డሺ࣌ಲା௉೐ࡵሻడఛ
௧
଴  Ǥ ݉ሺݐ െ ߬ǡ ߮ሺ׬ ݀ߝҧሻሻ݀߬  (11) 
where ሺ࣌஺ ൅ ௘ܲࡵሻ ൌ ሺ࣌஺ െ ሺെ ௘ܲࡵሻሻ ൌ ߙଵ࡮ ൅ ߙଶ࡮Ǥ࡮ is the hyperelastic stress (Eq. 1) excluding the 
hydrostatic stress, and ݉ሺݐ െ ߬ǡ ߮ሺ׬ ݀ߝҧሻሻ is a term describing the relaxation-time function. A combination 
of Eqs. 10 and 11 yields,  
 
࣌஻ ൌ െ ௩ܲࡵ ൅ ߚǤ ቂ׬ 
డሺ࣌ಲା௉೐ࡵሻ
డఛ
௧
଴  Ǥ ݉ሺݐ െ ߬ǡ ߮ሺ׬ ݀ߝҧሻሻ݀߬ቃ  (12) 
2.3. Visco-hyperelasticity  
A visco-hyperelastic constitutive equation is therefore now established from a combination of two 
functions. One corresponds to the quasi-static response of the material defined by Eq. 1 and related to 
element A. The second is linked to the rate-dependent response of the material; this behaviour is 
associated with element B and modelled by Eq. 10. Consequently, the visco-hyperelastic constitutive 
description is  
 
࣌௩௜௦௖௢ି௛௬௣௘௥௘௟௔௦௧௜௖
்௢௧௔௟ ൌ ࣌஺ ൅ ࣌஻  (13) 
ߪଵଵ்௢௧௔௟ ൌ െ ௘ܲ െ ௩ܲ ൅ ߙଵܤଵଵ ൅ ߙଶܤଵଵǤ ܤଵଵ ൅ πଵଵ (14) 
For uniaxial loading, the hydrostatic pressure ௩ܲ is determined from the condition that the transverse 
stressesߪଶଶ்௢௧௔௟ ൌ ߪଷଷ்௢௧௔௟ ൌ Ͳ. Substitution of Eq. 3 (ߪଶଶ௘ ൌ ߪଷଷ௘ ൌ Ͳሻ into Eq. 15 yields ௩ܲ ൌ ȍଶଶ. ȍଶଶ is 
defined in Eq.16 by Eq. 11. 
 
  ߪଶଶ்௢௧௔௟ ൌ Ͳ ൌ െ ௘ܲ െ ௩ܲ ൅ ߙଵܤଶଶ ൅ ߙଶܤଶଶǤ ܤଶଶ ൅ȍଶଶ  (15) 
  ȍଶଶ ൌ ߚǤ ቂ׬ 
డሺఙమమ೐ ା௉೐ሻ
డఛ
௧
଴  Ǥ ݉ሺݐ െ ߬ǡ ߮ሺ׬ ݀ߝҧሻሻ݀߬ቃ  (16) 
Consequently, a combination of Eqs. 3, 4, 12, 14, 15 and 16 results in 
 
ߪଵଵ்௢௧௔௟ ൌ ߪଵଵ௘ ൅ ߚǤ ቂ׬ 
డሺఙభభ೐ ሻ
డఛ
௧
଴  Ǥ ݉ሺݐ െ ߬ǡ ߮ሺ׬ ݀ߝҧሻሻ݀߬ቃ  (17)  
Eq. 17 describes the rate-dependent stress-deformation response of an isotropic incompressible 
elastomer for uniaxial loading. In terms of the engineering strain ߝଵଵ and strain rate 
డఌభభ
డ௧
 in the direction of 
loading, the stress is:  
 
ߪଵଵ்௢௧௔௟ ൌ ߪଵଵ௘ ൅ ߚǤ ቂ׬ 
డሺఙభభ೐ ሻ
డఌభభ
௧
଴  Ǥ
డఌభభ
డఛ
Ǥ݉ሺݐ െ ߬ǡ ߮ሺ׬ ݀ߝҧሻሻ݀߬ቃ  (18)  
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where ߪଵଵ௘  is defined by Eq. 4. The constants ܣ௜  (Eq. 5) and ߚ (Eq. 6), as well as the relaxation-time 
function ݉ሺݐ െ ߬ǡ ߮ሺ׬ ݀ߝҧሻሻ are determined from experiments. 
3. Application of Model and Discussion  
The proposed constitutive model (Eq. 18) is applied to the high rate tensile and compressive behaviour 
of two types of polymers. One is a rubber with a Shore Hardness of SHA60, examined by Shim et al. [6] 
and found to exhibit rate-dependence. The other is Nylon 6, a semi-crystalline polymer, studied by the 
authors. Quasi-static compression and tension data obtained using a universal testing machine, are used to 
fit Eq. 4 in conjunction with Eq. 5, applying a least squares approach (Figs. 2 and 3); this yields the 
constants ܣ௜ for rubber and Nylon 6 (Table 1). Dynamic tensile and compressive tests are undertaken 
using Split Hopkinson Bar devices. Eq. 18, which incorporates the constants evaluated, is then fitted to 
one set of dynamic compression and one set of dynamic tension data for rubber, and two sets of dynamic 
compression and two sets of dynamic tension data for Nylon 6, to determine ߚ and ߮ሺ׬݀ߝҧሻ (Table 1). 
Table 1 presents the material constants determined and the relaxation time functions based on fitting of 
equations of the simplest forms. This constitutive equation is then employed to predict the dynamic 
compressive response of rubber at a strain rate of -1,100/s, as well as one dynamic compressive and two 
dynamic tensile responses of Nylon 6 respectively at strain rates of -2,000/s, 150/s and 628/s (Figs. 2 and 
3). Fig. 2 demonstrates favourable agreement between the proposed model and test data, indicating the 
potential of the model to describe the dynamic behaviour of elastomeric material over a range of strain 
rates. It is noted that the tensile and compressive behaviour of SHA60 rubber can be modelled using a 
common set of coefficients and relaxation time function (Table 1). The proposed model is also able to 
describe the dynamic response of Nylon 6 reasonably well (Fig. 3). However for compression beyond a 
strain of -0.35, the experimental data displays an extended linear stress-strain response, whereas the 
proposed model predicts a sharp rise in stress for large strains. This discrepancy could be the result of the 
crystalline phase within Nylon 6 breaking down under severe compression and exhibiting plastic work-
hardening. Another possibility is the occurrence of a phase transition, because the specimens experience a 
significant temperature rise during dynamic compression, which may exceed the glass transition 
temperature of 500C to 750C [9]. 
4. Conclusion 
A three-dimensional visco-hyperelastic constitutive equation that incorporates a deformation-
dependent relaxation time has been proposed to describe the large deformation response of 
incompressible rubber under dynamic compression and tension. The relaxation time function derived 
indicates that the relaxation time increases with equivalent strain. The proposed model appears suitable 
for prediction of the dynamic response of elastomeric materials; however it needs further development to 
capture the large deformation response of semi-crystalline polymers.       
                          
 Table 1. Coefficients and relaxation -time function for dynamic tension and compression of SHA60 rubber and Nylon 6 
Material Loading A1 (Mpa) 
A2 
(Mpa) 
A3 
(Mpa) 
A4 
(Mpa) 
A5 
(Mpa) ߚ 
߮ሺ׬݀ߝҧሻ: Relaxation Time (s-1) 
ߝ ҧ ׷ Equivalent strain 
SHA60 Tension and compression 0.164 0.5215 0.0304 0 0 1.8 0.00000016 (1+ 900 ߝҧ) 
Nylon 6 
 
Tension -237.6  314  -56.3  11.73  138.6  34  0.0000038 (1+ 6.5 ߝҧ) 
Compression 248.5  -189.9 -29.18 92.6  5.579  4.95 0.000007 (32 ߝ ҧଶ+ 2.432 ) 
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Fig. 2. Comparison between experimental data and proposed visco-hyperelastic model for SHA60 rubber. 
 
 
Fig. 3. Comparison between experimental data and proposed visco-hyperelastic model for Nylon 6. 
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